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1. The Hadamard transform is defined as

1:c>~>j_§,T S (1), (1)

yef{0,1}

where 2,y € {0,1}" and the operation x -y is defined as
Ty =11y1 + Tay2 + ... + Tpyn (mod2) (2)

(a) [3 marks] Sketch the quantum network which effects the Hadamard transform and explain
why it is often useful as the first operation in quantum algorithms.

Let f:{0,1}" = {0,1}" be a 2-to-1 function such that f(z +s) = f(z), where s is a binary string
of length n which is different from zero (s # 0™) and z + s is a bit-wise addition modulo 2. In the
network below the H operations denote the Hadamard transform on n qubits and the f operation
represents a quantum evaluation of f; |z)|y) — |2}y + f(z)).

n qubits in state |0)®" H H b— Measurement
(1%¢ register)
n qubits in state | 0)®" f Measurement

(27 register)

(b) [4 marks] What is the state of the two registers right after the quantum function evalua-
tion?

(c) |5 marks] The second register is measured bit by bit in the computational basis and a
binary string k € {0,1}" is registered. What is the state of the first register after the
measurement?

(d) [6 marks] Subsequently the Hadamard transform is performed on the first register, fol-
lowed by a measurement in the computational basis. The result is a binary string, 2.
Show that z - s = 0.

(e) [7 marks] Suppose the function [ is presented as an oracle. How many calls to the oracle
are required in order to find s? How does it compare with a classical algorithm for the
same problem? Provide rough estimates, detailed derivations are not required.
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2. (a) [2 marks] Explain why a self-adjoint (or Hermitian) matrix must be both positive semi-
definite and have trace 1 in order to be considered a density matrix.

(b) [7 marks| Consider two qubits in the quantum state

|w>=% 1)@ <\/g|0>+\/§|1>> +10)® (\/%0)—\/;1%- (3)

Use the computational basis {|00), [01), |10), |11)} and write explicitly the density
matrix p of the two qubits corresponding to state |4 ).

(c) [4 marks] Consider operator A on the Hilbert space H4 and operator B on the Hilbert
space Hp. The partial trace over Hp is defined for the tensor product operators,

Trp A® B = A (Tv B)

and extended to any other operator on H4 ® Hp by linearity. Consider the density
operator p in (b) and find the reduced density matrices py and pg of the first and the
second qubit, respectively.

(d) [5 marks] The trace norm of a matrix A is defined as
Ally = Tr (VATA) .

Show that the trace norm of any self-adjoint matrix is the sum of the absolute values of
its eigenvalues. What is the trace norm of a density matrix?

(e) [7 marks] The trace distance between density matrices p; and ps is defined as

1
T(p1,p2) = §||P1 — paller-

If a physical system is equally likely to be prepared either in state py or state ps then a
single measurement can distinguish between the two preparations with the probability at
most

L+ 71, o).

You are given one of the two, randomly selected, qubits of state |1 ) in Eq. (3). What
is the maximal probability with which you can determine whether it is the first or the
second qubit?
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3. A quantum network which describes a single qubit interference can be represented as follows:

12

(a) [6 marks] Give the expression for the single-qubit Hadamard gate H in the {|0),|1)}
basis. Assume that the qubit is initially in state |0) and find the output state | ¥out ).
What is the probability Py(¢p) for the qubit to be found in state |0) at the output?

(b) [12 marks] Now, suppose that after the phase gate and before the second Hadamard gate
the qubit undergoes decoherence by interacting with an environment in state |e) so that

[0}e) 10} eo), (4)
[Dle) = [1)er), (4)

where | eg) and |e; ) are the new states of the environment which are normalised but not
necessarily orthogonal. The decoherence modifies Fy() which becomes a function of ¢
and of the scalar product (egle;). Writing (egle1) = ve’™ express Py as a function of ¢, v,
and a. Suppose the decoherence takes place between the first Hadamard gate and the
phase gate, how different is the expression for Py(yp,v, a)?

(c) [7 marks] Deutsch’s algorithm with an oracle f : {0,1} — {0,1}, is implemented by the

following network
|0) —E H —— Measurement

|0)—11) f 10)—11)

Assume that only the first (top) qubit is affected by decoherence as described by Egs. (4)
and (5). How reliably can you tell whether f is constant or balanced?
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